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e The Synchro-Betatron Hamiltonian
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@ RF fields
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to kinetic energy (1)

Hamiltonian

H(u, Py, so, Hg;s) =
z (EoB3Hs — qV)2/c? — m2c?
_ (1 _> _p2?
(1+% \/ P u
_ ! ( n "E) A 9
BoR )4 9)
P2 (Ho*ZqV) m2C2, P __ EopBo
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to kinetic energy (1)

Hamiltonian

H(’U,, Pu; S0, Hs; 3) =

B (1 N %> \/(Eo[igHS = (11‘3/02)2/02 — m2c? _p2
- ﬁ (1+3) 4 9)
p? = Wo—gV)® _ 22 py — Eofo
EoByE = Eofi§Hs — qV (10)
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields

The full Synchro-Betatron Hamiltonian

Canonical transformation to kinetic energy (2)

Generating function

Fy(u, Py, s0, E; 5) =u15u+/H5(50,E) dso

0 q
=uP,+ F —
uP, + Eso + Eoﬁg/VdSO

8F2 = q 8F2 -
—— =P, =P, — E, , —= = Uu=
du EofB3 / 450 o, "

OF, _, 0P
880 -
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to kinetic energy (3)

Hamiltonian

H(u, P, sg, E;s) = — (1 + E)

R
204102 /.2 _ 02,2 5 2
x\/EO/BOE g; e (Pu——Eqﬁz/Euds())
0 0~0
1 T _
_ﬂ(”ﬁ) (A, — By) (11)
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to kinetic energy (3)

Hamiltonian

H(u, P, sg, E;s) = — (1 + E)

R
2041702 /22 _ 022 _ J 2
" \/EO/BOE éDCQ m2c? (Pu. EQﬁQ /E,,,,dso>
0 (R
1 x _
—— (1+%)4,-E,
%R(+Ry ) (1)

E 1 fESdS()

5 = Boc

The transverse fields are usually small and vanish upon averaging

q ~
m——f/mwzm
Eo32 0
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to kinetic energy (4)

We immediately relabel all ”~"-variables and can write

Hamiltonian

x 1
H(u,P,sE,E;s):_(1+_> BRE2 - —— — P2
’ RN s

- 57 (1+3) 4. - £) (12)
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to reference orbit system (1)

Hamiltonian

H(U7PU7SE7E7S)=_<1+£> 02‘E12 212_P3
R 0”0
1 €T
-— (1+3) 4, - &, 1

BOR( + R ( ) (13)
Py = EoBo
Reference orbit

g =S8—SEg
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Series of canonical transformations

The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to reference orbit system (2)

Generating function

F3(@, Pu,o0,E;s) = —uPy, — /sE(o', E)dE

=—-uP, +ocFE —sE
oF: ~ OF:
2 _B=-P, 2= —u=—i
ou oP,

8F3 1 vy ) 8F3
— = —0=—(E = —— ( — = =
=== )= )

- in(e )
0s

Ho—qV
EofB2
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Series of canonical transformations

RF fields

The Synchro-Betatron Hamiltonian
The full Synchro-Betatron Hamiltonian

Canonical transformation to reference orbit system (2)

Generating function

F3(@, Pu,o0,E;s) = —uPy, — /sE(o', E)dE

1 1
= —uP, + UE—U—2 — sE—i—s—2
Bo

= 7
%—_Pu_ Pu78Fi3—— =—u
ou OP,
F: 1 1 F:
OF _ 5 _ (E_T) - L (1_1) JOFs
do 0 Bs \ 0 o0E
%__5__(E_L)
s B2
Ho—qV

Eop2
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to reference orbit system (3)

LI

We immediately relabel all ”~"-variables

Hamiltonian

x 1\? 1
H(u,Py,0,8;8) = — (14 2) 4[R2 (64 =) — _p2
(u7 » 0, 78) ( —+ R) \//80 ( + ﬂ%) ’)’(2)5(2) u

x

=) (45— B +4 (14)

V.
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Expansions around reference orbit system (1)

2
We set I'(0)? = 32 (5 + ) — 62 and obtain

Hamiltonian
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Expansions around reference orbit system (2)

@ Taylor expansion in P,:

1
F?-ngr—ﬁpg

@ Taylor expansion in §:

PPN T
B s 29 2%

@ Taylor expansion in §:

1 1
~l1-60+(14+-=)6

(54 &) - 2%
U
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields

The full Synchro-Betatron Hamiltonian

Canonical transformation to closed orbit system (1)

Hamiltonian

Hm—(l—i—%) (r-%Pj)-ﬁ(H%)(As—EsHé

a 1 1 x
= T —-I'+_—pP2+__p?
R toartv ol

—ﬁ(l-ﬁ-%) (As — Es) +6
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Identification of terms

Hamiltonian

_ T 1 o 12 o
H= -T RP+2I‘P“+2FRP“

—$<1+%>(AS—ES)+5
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The Synchro-Betatron Hamiltonian

Identification of terms

Hamiltonian

x 1 1 z
H= —-T-2T+_—P>2+ —
R +2I‘P“+ R
1 T _
_ﬂ<1+ﬁ>(As_E8)+6

Series of canonical transformations
RF fields
The full Synchro-Betatron Hamiltonian
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Identification of terms

Hamiltonian

97 1 1 z
_ _r_Y*pyiip2y 2 2
H T 7 +2I‘P“+ T lu
1 T _
_ﬂ<1+ﬁ>(As_E8)+6

@ Dispersion: linear synchro-betatron coupling
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Identification of terms

Hamiltonian

T [ 1 z
H=-T—-=T+_-P? 2_1*4/2
R or vtoarR e

—$<1+%>(AS—ES)+5

@ Dispersion: linear synchro-betatron coupling
@ Chromaticity: terms ~ P2 §¥

Kevin Li Synchro-Betatron Motion



Series of canonical transformations

The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Identification of terms

Hamiltonian

45 [P
H= -T-2%r+ P2y
R ‘ariv’
1 1 1 :
+§K2x2+§g(x2—y2)+6(Kg+f)(x3—3:ry2)
K:%,g:%,f:;ﬁ% ]

@ Dispersion: linear synchro-betatron coupling
@ Chromaticity: terms ~ P2 §¥
@ Magnetic field terms
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Identification of terms

Hamiltonian

x [—
H=-T--T+_-——-P +9$¢
R +2T ut

1 1 1 .
+§K2x2+§ (xz—yz)—i-g (K g+ f) (2* —32y?)

@ Dispersion: linear synchro-betatron coupling

@ Chromaticity: terms ~ P2 §¥

@ Magnetic field terms
— Eliminate the first order synchro-betatron coupling by moving to the closed
orbit system (&, ., &, 3) where all first order synchro-betatron terms ~ #§* and
~ P=6% cancel; this will naturally introduce dispersion
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to closed orbit system (2)

Generating function

F(x,pz,0,038) = xpe + 00 + > (Xu(s)x — Pu(s)pz + Sk(s)) 6*
k=1
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to closed orbit system (2)

Generating function

F(2,pz,0,0;5) = 2o + 00+ Y (Xi(s)x — Pu(s)pe + Sk(s)) 8*
k=1

3

o=6—Y k(Xk(s)E — Py(s)ps + Sk(s)) 5"

k=
- zn: i kX (s)Pi(s)oF Tt
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Series of canonical transformations

The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Canonical transformation to closed orbit system (3)

Hamiltonian

T 1 1 1
H=-T-ST+—p2+-K2224+ —g (22—
RUtappe 3K+ 50 (@ =y

—&-% (Kg+f)(2®=3zy*) +0

_ 1 _ B _ _Bo
K_R’g_BOR’f_BOR
WV

@ Insert expansions for I', 1/I" and z, p,., 0,

@ Fix a k, collect all terms ~ #6* and ~ p,6* and determine the
coefficients X (s), Px(s) and S;(s) such, that these terms vanish
— Hamiltonian in closed coordinate system
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

First order dispersion function

k = 1: setting the coefficienty to vanish yields
First order dispersion function

Xi(s) + (K> + g)Pi(s) — K =0
—Pi(s)+ Xi(s) =0

D"(s) + (K* + g)D(s) = K

D(s) = Pi(s)
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields

The full Synchro-Betatron Hamiltonian

Second order dispersion function

k = 2: setting the coefficienty to vanish yields

Second order dispersion function

K
X5(s) + —
2() 273

HIE 4R + 5 00 + (Ko + ) s =0
—Py(s) — X1(5) + Xa(s) + KX1(s)Pi(s) =0

2
D3 (s) + (K* + g)Da(s)
+D"(s) - %D’(SV — K*D(s) + <K3 Y 2Kg+ f) D(s)? = — &

D(s) = Pi(s), D2(s) = Pa(s)
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Series of canonical transformations

The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Closed orbit Hamiltonian (1)

Hamiltonian up to third order in closed orbit coordinates
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Series of canonical transformations

The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Closed orbit Hamiltonian (2)

Variable annotation

T=x—D¢
ﬁm:px_D/(s
6=0—Dp,+D'z+DD'§
b=4¢
1
7]’:KD—-2
0
KD 1 3
V'=—F — -D'(s)> = KDs(s) — =
Y 2 2% )
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Dynamic electric field (1)

Assumptions:
@ The RF cavity to be placed in a straight section: % =0
@ The RF cavity is placed in a low dispersion region: D(s) ~ 0

@ The RF field is given by E.s = Vjdr(s) sin(w,t)
with 5, (s) a periodic delta-function with the period 27 R.

Then, the dynamic field term in the Hamiltonian is

i rf 1 __i _g rf_g
Lar-p) =1 [(-gar- v a

= —%/Erfdt
0
1% Voo .
= ];i o (On(s) cos(ntt) — cos(ipn)) - #‘}%wo sin( o)
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Dynamic electric field (2)

We can decompose 0y, (s) cos(wyst) to

1

On(s) cos(wyt) = o

X Z exp (fih% + iwrft) + exp (fzh% — iwrft>
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Averaging the Hamiltonian (1)

Averaging over many turns, only the terms for which h = “;—:)f contribute®, hence
! Ccos | wrft — Lt 5
2R ot wo R

- cos ho
" 27R R

On(s) cos(wret) —

It follows that

i rf R o q‘/O hi _ _ q‘/()O' 3
Py (AS Es) T 2nRPowrt (COS ( R ) COS(SDO)) 2w R? Powo sin(eo)

___a% o) - o s
" 2nRPowoh (cos( = o) — cos(po) = (¢ — o) sin(po))
with ¢ = hs/R.
*wo = 8¢ the revolution frequency

Kevin Li Synchro-Betatron Motion



Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Averaging the Hamiltonian (2)

In addition the variables we encountered earlier become

b2y

—a- 5= —— (17)

c/”d‘C/( 306 - 7% )d‘g_;;%

= 18
=653 (18)

7 and v the first and the second order slippage factors.
« and g the first and the second order momentum compaction factors.
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

The final decoupled synchro-betatron Hamiltonian

Synchro-betatron Hamiltonian

H(j;7]5$7g7]3y70-7 0; 3) =
1 1

= 52 - 53
10" 3

__ M (P — cos(io) _qV—OUSin( )
QWRPowrf R 7 ) T onRe Py

1 2.2
+2pw+§y if” *
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

The final decoupled synchro-betatron Hamiltonian

Synchro-betatron Hamiltonian

H(jvﬁxagaﬁya g, 57 ‘5) —

1 oo 1 3
75//() Jrgm\

qVo ho (00) qVoo in(00)
e — COS — — COS ——F  S11
27 R Pyw,s R P0 T R2Pyg PO

1. 1 1
+§p§+2y K2x2+29(x —9%)
6(K9+f) (2 - 329%) (19)
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields

The full Synchro-Betatron Hamiltonian

Longitudinal Hamiltonian

We relabel
q— —e, Vo—Vmn, Po—po, o—C.

Should look familiar...

Longitudinal Hamiltonian

_ 1 o qVo ho\ __ qVo .
H(s) = 27]6 7 RPows (cos ( 7 cos(po) 7R Pows sin(po)
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Longitudinal Hamiltonian

) @

Equations of longitudinal dynamics 7~

Some times the bunch is made to sit in an accelerating bucket only to compensate
for external losses

« in a lepton storage ring, to compensate for synchrotron radiation losses

« in general, a bunch in a stationary bucket can move to a synchronous phase
different from 0 or 7t in order to compensate for impedance losses (see further)

d¢

it = —npPcs
A5 eV [ (B¢ .
&= ool [sm ( y +‘I’s> Sm@s]

H= —%,807]62 + Vm cos (h<> + Vi sin @ smq)s(

2rhpy R poC

Kevin Li



Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Longitudinal Hamiltonian

We relabel
q— —e, Vo—Vmn, Po—po, o—C.

Should look familiar... we have recovered Giovanni’s formula!

Longitudinal Hamiltonian

1 aVo ho qVoo
H(s) = ——ps% — —2¥0 noy ___d%o
() = =35m0 = 5 RPown (COS ( R > COS(“’O)> 27 R2 Powo

H(t) = —1501752 + dl <COS (K) — cos(P. J> 4 M

2 2mhpo R poC

sin(po)

¢
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Longitudinal action

Hamiltonian for synchrotron motion
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian

Conclusions

A hopefully comprehensive overview of why and how to
derive a general practical Hamiltonian for circular
accelerators starting from the most basic first principles
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian
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Series of canonical transformations
The Synchro-Betatron Hamiltonian RF fields
The full Synchro-Betatron Hamiltonian
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