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INTRODUCTION

See course | gave at the JUAS (Joint Universities Accelerator
School) in 2011-12-13 on my web page (http://
emetral.web.cern.ch/emetral/, Section VI)) => Also exercises,
exams and corrections of the exams

Selection of slides of this course are presented here

RF (Radio-Frequency) cavities are used to accelerate /
decelerate and manipulate (“RF gymnastics”) the particles

2 ferrite loaded
cylinders that permit TR
_the cavity to be tuned James

~ 10 MHz RF cawtyPtra;gh

S < Section (SS) 11 of the PS
= For the acceleration SIXEOG MHz in 556

] uv'.
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ACCELERATION BY TIME-VARYING FIELDS (1/10)

Constant electric field

<0 d—p=—€E
= dt

1) Direction of the force always parallel to the field

2) Trajectory can be modified, velocity also = momentum and energy can be modified

This force can be used to accelerate and
decelerate particles
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ACCELERATION BY TIME-VARYING FIELDS (2/10)

Electrostatic accelerators

E The potential difference between
source — > two electrodes is used to accelerate
e ( ( ) particles
Limited in energy by the maximum

high voltage (~ 10 MV)

AV Present applications: x-ray tubes,
low energy ions, electron sources
(thermionic guns)

35B7.280 EV RADIAL EXCESS ENERGY. RIPPLE=226.863 %. OMEGAL/OMEGAP= 6.48E—1
PERVEANCE=7.91E—7 COMPRESSION=161.3 NS=8 AV=7 AVR=1.0 B000C VOLT
. EGUN (stac-166) (GAUSS*10%*2 )

(mm) ot

* Electric field potential and beam

30 trajectories inside an electron gun
i (LEP Injector Linac at CERN),

anode computed with the code E-GUN
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ACCELERATION BY TIME-VARYING FIELDS (3/10)

Comparison of magnetic and electric forces

B|=1T

E|=10MV/m
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ACCELERATION BY TIME-VARYING FIELDS (4/10)

Acceleration by time-varying electric field

Let Vg be the amplitude of the RF voltage
across the gap g
The particle crosses the gap at a distance r

~ 5 o
\\"/fr—) *  The energy gain is:
/-\— /2 -
L ——

AE=e\fg E
-g/2

N\
[MeV] [n]

(1 for electrons or protons)

In the cavity gap, the electric field is supposed to be:
E(s,r,t)=FE (s,r) E,()

In general, Ex(t) is a sinusoidal fime variation with angular frequency wge

E, ()= E,sin®(t)  where  ®(1)= [ @t + @,
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ACCELERATION BY TIME-VARYING FIELDS (5/10)

Convention

1. For circular accelerators, the origin of time is taken at the zero crossing of the RF voltage
with positive slope

2. For linear accelerators, the origin of time is taken at the positive crest of the RF voltage

Time 1= O chosen such that:

|

1 E2 A 2 EzA

\ J ¢ =y 1 /(\ ¢ =Wt
\

E,(t)=E sin (a)RF t) E,(t)=E, cos (a)RF t)
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ACCELERATION BY TIME-VARYING FIELDS (6/10)
First derivatives d=pB"y" dy
d(cp)= E, V3 dp

dy = pl-p2)" ap

Logarithmic derivatives

Py
p Y

dp _ y> dE_ y dE,

P =)’2_1 E _V"'l k.,

dy _ (> _\dB
AR}
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ACCELERATION BY TIME-VARYING FIELDS (7/10)

normalized velocity

.
= 1-—
p . 2

Y

total energy

rest energy
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electrons

protons

10 15
E_kinetic (IMeV)

electrons

profons "]
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ACCELERATION BY TIME-VARYING FIELDS (8/10)

Synchrotron

Synchronism condition

T; — h TRF h im‘eggr‘,
harmonic number
271 R

o =h Ty

RF cavity <— v

S

@ RF generator

1.  wgrand o increase with energy

2. To keep particles on the closed orbit, B should increase with time
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ACCELERATION BY TIME-VARYING FIELDS (9/10)

Synchrotron

Bending

* Inreality, the orbit in a synchrotron is not a
circle, straight sections are added for RF
cavities, injection and extraction, etc..

injection extraction * Usually the beam is pre-accelerated in a linac

(or a smaller synchrotron) before injection

* The bending radius p does not coincide to the
machine radius R = L/2x
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ACCELERATION BY TIME-VARYING FIELDS (10/10)

Parameters for circular accelerators

The basic principles, for the common circular accelerators, are based on the two relations:

1. The Lorentz equation: the orbit radius can be espressed as:
Yy vm,
eB

R=

2. The synchronicity condition: The revolution frequency can be expressed as:
_ eB
2wy m,

According to the parameter we want to keep constant or let vary, one has different acceleration principles.
They are summarized in the table below:

Machine Energy (y) | Velocity | Field | Orbit | Frequency

Cyclotron ~1 var. const. const.

Synchrocyclotron : var. B(r) B(r)/y(t)

Proton/Ion synchrotron : var. ~p

Electron synchrotron : const. ~p
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TRANSIT TIME FACTOR (1/2)

Transit time factor

RF acceleration ina gap g

E(s,r,t)=FE (s,r) E, (1)

E (s,r)= Yar _ const.

Simplified model g
- E,(t) = sin (@ £ + ;)

Att=0,s=0and v =0, parallel to the electric field

Energy gain: /2

AE=efE(s,r,t)dS > AE =eV,, T, sin ¢,

-g/2

1))
2V

Wrpp8
2v
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T, is called transit time factor
T, <1

“T,—1ifg—=0




TRANSIT TIME FACTOR (2/2)

Transit time factor II

In the general case, the transit time factor is given by:

+00
s

fEl(s,r) COS| Wyp — | ds

—00 V

T —

a

}OEI (s,7)ds

It is the ratio of the peak energy gained by a particle with velocity v
to the peak energy gained by a particle with infinite velocity.
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MAIN RF PARAMETERS

Main RF parameters

I. Voltage, phase, frequency

In order to accelerate particles, longitudinal fields must be generated in the direction of the desired acceleration

E(s,1) = E,(5)" E (1 Ey(0) = Eysin [ 0, 41+,
Wyp =270 frp AE =e Ve T, sin ¢,

Such electric fields are generated in RF cavities characterized by the voltage amplitude, the frequency and the
phase

IT. Harmonic humber T. =hTy = fo=hf,

frev - revolution fr'equency harmonic number in different machines:
feg = frequency of the RF AA EPA PS  SPS
h = harmonic number 1 8 20 4620
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MOMENTUM COMPACTION FACTOR (1/6)

Dispersion

nominal trajectory

reference = design = nominal trajectory
= closed orbit (circular machine)
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MOMENTUM COMPACTION FACTOR (2/6)

Momentum compaction factor in a transport system

In a particle transport system, a nominal trajectory is defined for the nominal momentum p.

For a particle with a momentum p + Ap the trajectory length can be different from the length
L of the nominal trajectory.

The momentum compaction factor is defined by the ratio:
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MOMENTUM COMPACTION FACTOR (3/6)

Example: constant magnetic field

ds=pdo
ds, = (p+x)d0

dsl—ds_(p+x)d6—pd0_£_Dxd_p
\ ds p do p/p p

o P+ Ap
S

ds;

By definition of dispersion D,

1 D)
= -7 o) &

To first order, only the bending magnets contribute to a change of the trajectory length
(r = o in the straight sections)
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MOMENTUM COMPACTION FACTOR (4/6)

Momentum compaction in a ring

In a circular accelerator, a nominal closed orbit is defined for the nominal momentum p.

For a particle with a momentum deviation Ap produces an orbit length variation AC with:

For B = const. C=2n R

_ / (average) radius of
circumference the closed orbit

The momentum compaction factor is defined by the ratio:

a d% d% _1 Do)
% b %=l o0

N.B.: in most circular machines, o, is positive = higher momentum means longer circumference
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MOMENTUM COMPACTION FACTOR (5/6)

Momentum compaction as a function of energy

p_pc
B
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MOMENTUM COMPACTION FACTOR (6/6)

Momentum compaction as a function of magnetic field

Definition of average
magnetic field 1 1
<B>= B, ds=—— B.ds+ [B,ds
ZER!"f 2w R -[f -ff

straights magnets \

/

=0 27 p B,

<B>=
d<B>_dBf+dp_dR

_r <B> B, o, R
e

B, p

d<B>+dR_dp
<B> R p

For B¢ = const.
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LONGITUDINAL PHASE SPACE (1/2)

Longitudinal phase space

AP/P acceleration Ap/p

move ! move

forward < 1~ - f =~~~ backward

5
>

A ,

v
deceleration

reference

The particle trajectory in the
phase space (Ap/p, ¢) describes its Emittance: phase space area including
longitudinal motion. all the particles

NB: if the emittance contour correspond to
a possible orbit in phase space, its shape
does not change with time (matched beam)

Elias Métral, Training-week in Accelerator Physics, Lund, Sweden, May 27-31, 2013




LONGITUDINAL PHASE SPACE (2/2)

Measurement

TOMOSCOPE (developed |FEREE
by S. Hancock, CERN/AB/ e E e, o137

RF) .

s} Longitudinal
The aim of TOMOGRAPHY : bunch profile
is to estimate an unknown o
distribution (here the 2D ‘ 1
longitudinal distribution) L Projection
using only the information "
in the bunch profiles

loxd

o4

Surface =
Longitudinal EMITTANCE
of the bunch

=g [eV.s]

AN

c
55
-3 9

q

O 8 Q
=k
s el = =
-~ - 9.
el 5

‘D .

uel

Surface = Longitudinal [ns]

RMSE Emitt. = 0.243 eVs BF = 0.3086

ACCEPTANCE Of the Mtchd Area = 1.19 eVs Ne = 1.47E12

Mom. Spread = 2.27E-3 fs0:;1 = 716:608 Hz
bucket
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TRANSITION ENERGY (1/3)

Transition energy

Proton (ion) circular machine with a,, positive

Momentum larger than the nominal (p + Ap ) =  longer orbit ( C+AC )

Momentum larger than the nominal (p + Ap ) = higher velocity (v +
Av )

What happens to the revolution frequency f = v/C ?

* At low energy, v increases faster than C with momentum

* At high energy v = ¢ and remains almost constant

# There is an energy for which the velocity variation is compensated by the
trajectory variation = transition energy

Below transition: higher energy = higher revolution frequency
Above transition: higher energy = lower revolution frequency

Elias Métral, Training-week in Accelerator Physics, Lund, Sweden, May 27-31, 2013




TRANSITION ENERGY (2/3)

Transition energy - quantitative approach

We define a parameter 1 (revolution frequency spread per unit of momentum spread):

b T,
T

df dp dcC

/== _
C = T c
from p = M # dp _ 1 dp definition of momentum d_C e d_P
1- [3’2 p y2 p compaction factor: C p p
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TRANSITION ENERGY (3/3)

Transition energy - quantitative approach

The transition energy is the energy that corresponds fomn =0
(0, is fixed, and y variable )

4

1

Voo = |

<,

The parameter 1 can also be written as

- Atlowenergy 7 >0

* At highenergy 17 <0

N.B.: for electrons, y> y,.=n < 0
for linacs o, =0 =17 > 0
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4 EQUATIONS RELATED TO SYNCHROTRONS (1/6)

Equations related to synchrotrons

momentum

orbit radius

magnetic field

rev. frequency

transition energy
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4 EQUATIONS RELATED TO SYNCHROTRONS (2/6)

I - Constant radius dR = 0

Beam maintained on the same orbit when energy varies

dp dB

If pincreases
B increases
f increases
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4 EQUATIONS RELATED TO SYNCHROTRONS (3/6)

II - Constant energy

VRF =() Beam debunches

& __, 2dr db

R

If B increases
| R decreases
f increases
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4 EQUATIONS RELATED TO SYNCHROTRONS (4/6)

IIT - Magnetic flat-top

dB=0

Beam bunched with constant magnetic field

d_B_O )/tr2 df

B F

—=0=y"—+
B ! f

dB (12 p2) R

R

If p increases
R increases
=)  increase Yy <7V,
decreases y >V,
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4 EQUATIONS RELATED TO SYNCHROTRONS (5/6)

IV - Constant frequency

Beam driven by an external oscillator

7

)

dB dR
(1)

B

If p increases
R increases
B decreasesy <y,
increase VY >V,
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4 EQUATIONS RELATED TO SYNCHROTRONS (6/6)

Four conditions - resume

Beam Parameter Variations
Debunched Ap=0 |B{.R|.f 1

P momentum
Fixed orbit AR=0 |Bft,ph.f1

R orbit radius

Magnetic flat-top AB=0 |pft.R .f) (n>0)
Sl (n<0)
External oscillator | Af=0 |Bf,p|.R| (n>0) J frequency
ph., Rt (n<0)

B magnetic field
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SYNCHROTRON OSCILLATIONS AND PHASE STABILITY (1/6)

Simple case (no accel.): B = const. VY <Vu Synchr'onous Parhde

Synchronous particle: particle that sees always the same phase (at each turn) in the RF cavity ‘

VRF

\

AE =e VRF sin ¢

In order to keep the resonant condition, the particle must keep a constant energy
The phase of the synchronous particle must therefore be ¢, = O (circular machines convention)
Let's see what happens for a particle with the same energy and a different phase (e.g., ¢;)
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SYNCHROTRON OSCILLATIONS AND PHASE STABILITY (2/6)

Synchrotron oscillations

¢4 - The particle is accelerated
- Below transition, an increase in energy means an increase in revolution frequency
- The particle arrives earlier - tends toward ¢,

b, - The particle is decelerated
- decrease in energy - decrease in revolution frequency
- The particle arrives later - tends toward ¢,

Elias Métral, Training-week in Accelerator Physics, Lund, Sweden, May 27-31, 2013




SYNCHROTRON OSCILLATIONS AND PHASE STABILITY (3/6)

Synchrotron oscillations
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SYNCHROTRON OSCILLATIONS AND PHASE STABILITY (4/6)

Synchronous particle

Case with acceleration B increasing Y <7Y,.
VRF

4

\ AE=eI}RFsin¢

»

\ ?¢=wRFt

The phase of the synchronous particle is now ¢ > O (circular machines convention)

The synchronous particle accelerates, and the magnetic field is increased accordingly to
keep the constant radius R . y vm,

eB

The RF frequency is increased as well in order to keep the resonant condition
eB w

) = = RE

y m, h
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SYNCHROTRON OSCILLATIONS AND PHASE STABILITY (5/6)

Phase stability
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SYNCHROTRON OSCILLATIONS AND PHASE STABILITY (6/6)

The symmetry of the case
with B = const. is lost

A]/ A
P

stable r'egion7(
unstable region\\

separatrix
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EQUATIONS OF MOTION (1/11)

RF acceleration for synchronous particle - energy gain

Let's assume a synchronous particle with a given ¢, >0

We want to calculate its rate of acceleration, and the related rate of increase of B, f.

p=eBp
Want to keep p = const

dp dB

b _, 98 _, 5
= TPy TP

: . 2T R
Over one furn: (Ap)turn =€ p B T;fev =€ IO B /),

C
AE

" Be

wm (AE) =epB 2R

We know that (relativistic equations) : Ap
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EQUATIONS OF MOTION (2/11)

RF acceleration for synchronous particle - phase

(AE)

turn

_ epB 27 R On the other hand, (AE)

for the synchronous particle: un = € VRF SI1 ¢s

epB 2w R=eV,,sing,

Therefore: 1. Knowing ¢., one can calculate the increase rate of the
magnetic field needed for a given RF voltage:

/o

VRF

= —~—siIn
21 PR 2

= B

2. Knowing the magnetic field variation and the RF voltage,
one can calculate the value of the synchronous phase:

B

. B .
sing, =2 p R — - ¢. =arcsin| 2T p R —
VRF VRF
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EQUATIONS OF MOTION (3/11)

RF acceleration for synchronous particle - frequency
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EQUATIONS OF MOTION (4/11)

RF acceleration for non synchronous particle

Parameter definition (subscript "s" stands for synchronous particle):

f=f +Af revolution frequency
o=¢ +A¢p  RF phase
p=p,+Ap Momentum

E=FE +AE  Energy

0=0 +A0 Azimuth angle
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EQUATIONS OF MOTION (5/11)

# Ag = -h A6 Over one turn O varies by 2 7
¢ varies by 2 w h
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EQUATIONS OF MOTION (6/11)

Parameters versus ¢

Angular frequency

f;a)(r) dt  Aw =%(Ag)

C1d

__ZE(AM

1d dg,

= () by definition

R

1 d¢

h dt
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EQUATIONS OF MOTION (7/11)

Parameters versus ¢

2. Momentum

d‘V Ao/,

_ _p, Ao p,

ey Y0 T
P P

-p, d¢
w.nh dt

Ap =
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EQUATIONS OF MOTION (8/11)

Derivation of equations of motion

Energy gain after the RF cavity

(AE)

furn

= eV, sing

e

(A p )mm = VerSINQ
w R
Average increase per time unit

(Ap )turn _ € >

T = 7 R Ver sin ¢ 2t Rp=e I}RF sing  valid for any particle !

rey

- 2”(RP_RS ps)=eI}RF(Sin¢_Sin¢s)
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EQUATIONS OF MOTION (9/11)

Derivation of equations of motion

After some development (see J. Le Duff, in Proceedings CAS 1992, CERN 94-01)
d [ AE Aoy :
2:1; — [=e Vi (smqb —sing, )
I\ w,

An approximated version of the above is

d(Ap) _e v,
dz 2 R,

E_(sin¢ —sing, )

Which, together with the previously found equation

__a)snhAp

Ps

Describes the motion of the non-synchronous particle in the longitudinal phase space ( Ap,¢)
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EQUATIONS OF MOTION (10/11)

Equations of motion I
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EQUATIONS OF MOTION (11/11)

Equations of motion IT

1. First approximation - combining the two equations:

dt\ B dt

d(1d¢

)—A (sin¢—sin¢s)= 0

We assume that A and B change very slowly compared to the variable A¢ = ¢ - ¢,

&9 Q° . .
+ —2 —(SIn @ —sin =(
dt*  cos¢, ( ¢ ¢S)

Q° _ el}RFnhc2

. 2
We can also define: QO — s

cosp, 2w R’E.
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SMALL AND LARGE AMPLITUDE OSCILLATIONS (1/7)

Small amplitude oscillations

2. Second approximation

sing = sin(ng + A(/ﬁ)
= sin¢@, cos Ag + cos @, sin A¢

A¢ small = sing = sin@, +cos@P, A¢

2
d¢, _, . & _ d
dz de’
by definition

qu)

(¢ +Ap)=

: : |
d2A¢ Harmonic oscillator |

- - +Q° Ap=0
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SMALL AND LARGE AMPLITUDE OSCILLATIONS (2/7)

Stability condition for ¢,

Stability is obtained when the angular frequency of the oscillator, QS is real positive:

2 eVRFnhc2

£ 2
2T RE,

S

cosp| = Q°>0 < | ncosg, >0

4

Stable in the region if n<0 n>0

acceleration deceleration
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SMALL AND LARGE AMPLITUDE OSCILLATIONS (3/7)

Small amplitude oscillations - orbits

For 1cos¢, >0 the motion around the synchronous particle is a stable oscillation:

A = Ad,.. sin(Q,7+¢, )
{Ap = A}?max COS(QSt + ¢O )

with Aljmax = - A¢max
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SMALL AND LARGE AMPLITUDE OSCILLATIONS (4/7)

Lepton machines

Number of synchrotron oscillations per turn:

Q eI}RFap h
21 E, ’

COs ¢ “synchrotron tune"

N.B: in these machines, the RF frequency does not change
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SMALL AND LARGE AMPLITUDE OSCILLATIONS (5/7)

Large amplitude oscillations

2

O + L (sin ¢ -sin ¢, ) =0

COSQ,

Multiplying by 0
and integrating

0*  Q: . 7/
——=(cos¢ + ¢sin ¢, ) = cte

2 coso, <

Constant of motion

here ¢ =0
¢ =79,

X

Synchronous phase 150°

Equation of the separatrix

2 2
L2 (cosp + ¢ sin ¢ )=— 225' [cos(ir- O )+(m—¢,)sin 4’.\]

cosQ, cosQ,
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SMALL AND LARGE AMPLITUDE OSCILLATIONS (6/7)

“fotal energy”

2 2
¢2 - Q*‘(b (cosg + ¢sin ¢, ) = cte
coso,
| ) \

| \

“kinetic energy” “potential energy U “

Energy diagram

(/2(1') g
dr? —F((D) stable equilibrium
o point
dU
F((I') i —
)=

unstable equilibrium

/ point

If the total energy is above this limit,
the motion is unbounded
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SMALL AND LARGE AMPLITUDE OSCILLATIONS (7/7)

Phase space trajectories

Shaoaaaea

LY =120

Phase space trajectories for different synchronous phases
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Double splitting
also done

50 ns/div
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=
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>
f
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EXAMPLES OF RF MANIPULATIONS (2/2)

E— E, [MeV]

BUNCH ROTATION WITH LONGITUDINAL SPACE—-CHARGE
TURN O 0.000E+00 sec
Hy [MeV] Salevs] E: e

6.9592E+00 1.2240E+00 935
vy turn™1 p Mev 57 v [Mv] ¥ [deq)
3.1661E-03 0.00C0E+00 —1.0003E-0 24 6.923E-02 0.000E+00

T [8] S eV 9]
3.3175E-086 3.1G00E-C1 2000¢

Parabolic distribution

- 1 deg =9.2 ns

Ehucket contour 1.22E4+00 evs  sourcel
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o [deg]

ROTATION WITH LONGITUDINAL SPACE—-CHARGE
2.98BE-05 sec
: Sa leV s] Es [MeV]
6.8404E+01 1.1339E+01 2.9383E+03
vy Bturn™'] pMevs™ 7 v IMV] ¥ [deq]
3.1837E-02 0.DAOOE+00 —1.0003E-01 7.000E+00 0.000E+00
T [8] S eV 9l N
3.3175E—-08 3.1884E-01 20000

Ebucket contour 1.13E401 evs  scurcel
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-5 —4 -2 0
o [deq]

THRMS [deg]

ERMS [MeV]

BUNCH ROTATION WITH LONGITUDINAL SPACE—CHARGE
THRMS VS TIME

T T T [EaTE T ST IR A T [

.15

TIME [sec] w10t

BUNCH RQATATION WITH LONGITUDINAL SPACE—CHARGE
ERMS VS TIME

0.15
TIME [secl
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